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Cohomology of compact hyperka¨hler manifolds
and its applications.
Mikhail Verbitsky,
verbit@math.harvard.edu
Abstract. This article contains a compression of results from
[V], with most proofs omitted. We prove that every two points
of the connected moduli space of holomorphically symplectic
manifolds can be connected with so-called “twistor lines” – pro-
jective lines holomorphically embedded to the moduli space and
corresponding to the hyperka¨hler structures. This has interest-
ing implications for the geometry of compact hyperka¨hler man-
ifolds and of holomorphic vector bundles over such manifolds.
1 Lie algebra action.
We refer to [V] for details of definitions and missing proofs. A hyperka¨hler
manifold is a Riemannian manifold M equipped with three complex structures
I, J and K, such that I ◦ J = −J ◦ I = K and M is Ka¨hler with respect to
I, J and K. Relations between I, J and K imply that there is is an action
of quaternions in its tangent space. Consequently, there is a multiplicative
action of SU(2) on the algebra of differential forms. This action commutes with
Laplacian. Hence there is a canonical action of SU(2) on cohomology of M .
LetM be a complex manifold which admits a hyperka¨hler structure. A sim-
ple linear-algebraic argument implies that M is equipped with a holomorphic
symplectic form. Calabi-Yau theorem shows that, conversely, every compact
holomorphically symplectic Ka¨hler manifold admits a hyperka¨hler structure,
which is uniquely defined by these data. Further on, we consider only holo-
morphically symplectic manifolds which are compact and of Ka¨hler type. For
simplisity of statements, we assume also that
dimH2,0(M) = 1, and H1(M) = 0,
though these assumptions are not necessarily for most results.
The algebraic structure on H∗(M) is studied using the general theory of
Lefschetz-Frobenius algebras, introduced in [LL].
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Let A =
2d⊕
i=0
Ai be a graded commutative associative algebra over a field of
characteristic zero. Let H ∈ End(A) be a linear endomorphism of A such that
for all η ∈ Ai, H(η) = (i− d)η.
For all a ∈ A2, denote by La : A −→ A the linear map which associates
with x ∈ A the element ax ∈ A. The triple (La, H,Λa) ∈ End(A) is called a
Lefschetz triple if
[La,Λa] = H, [H,La] = 2La, [H,Λa] = −2Λa.
A Lefschetz triple establishes a representation of the Lie algebra sl(2) in the
space A. For cohomology algebras, this representation arises as a part of Lef-
schetz theory. In a Lefschetz triple, the endomorphism Λa is uniquely defined
by the element a ∈ A2 ([BouLie] VIII §3). For arbitrary a ∈ A2, a is called
of Lefschetz type if the Lefschetz triple (La, H,Λa) exists. If A = H
∗(X)
where X is a compact complex manifold of Ka¨hler type, then all Ka¨hler classes
ω ∈ H2(M) are elements of Lefschetz type. As one can easily check, the set
S ⊂ A2 of all elements of Lefschetz type is Zariski open in A2.
Definition 1.1: A Lefschetz-Frobenius algebra is a Frobenius graded super-
commutative algebra which admits a Lefschetz triple.
Definition 1.2: Let A be a Lefschetz-Frobenius algebra. The structure Lie
algebra g(A) ⊂ End(A) is a Lie subalgebra of End(A) generated by La, Λa, for
all elements of Lefschetz type a ∈ S.
Let M be a compact hyperka¨hler manifold with the complex structures I,
J , K. Consider the Ka¨hler forms ωI , ωJ , ωK associated with these complex
structures. Let ρI : sl(2) −→ End(H∗(M)), ρJ : sl(2) −→ End(H∗(M)),
ρK : sl(2) −→ End(H∗(M)) be the corresponding Lefschetz homomorphisms.
Let a ⊂ End(H∗(M)) be the minimal Lie subalgebra which contains images of
ρI , ρJ , ρK . The algebra a was computed explicitely in [Vso5].
Theorem 1.1: ([Vso5]) The Lie algebra a is naturally isomorphic to so(4, 1).
This statement can be regarded as a “hyperka¨hler Lefschetz theorem”. In-
deed, its proof parallels the proof of Lefschetz theorem.
Using Theorem 1.1, we compute the structure Lie algebra of H∗(M).
Theorem 1.2: ([V], Theorem 11.1) Let M be a compact holomorphically
symplectic manifold. Assume that dimH2,0(M) Let n = dim(H2(M)). Let
g(A) be a structure Lie algebra for A = H∗(M). Then g(A) is isomorphic to
2
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so(4, n− 2).1
Let H∗r (M) be a sub-algebra of H
∗(M) generated by H2(M). It is easy
to see that g(A) acts on H∗r (M), and H
∗
r (M) is an irreducible representation
of g(A). Moreover, multiplicative structure in H∗r (M) is easily recovered from
an action of g(A). Using the general knowledge of representations of so(n), we
obtain exact knowledge of the multiplicative structure of H∗r (M). In particular,
we obtain the following theorem.
Theorem 1.3: ([V], Theorem 15.2) Let dimC M = 2n. Then
{
H2ir (M)
∼= SiH2(M) for i 6 n, and
H2ir (M)
∼= S2n−iH2(M) for i > n
2 The Riemann-Hodge pairing.
Let M be a compact holomorphically symplectic manifold f Ka¨hler type, satis-
fying
dimH2,0(M) = 1.
In [Beau] Remarques, p. 775, Beauville introduces canonical 2-form on H2(M),
of signature (n − 3, 3), where n = dimH2(M). Throughout the paper [V],
this form was called the Riemann-Hodge pairing.2 In [V], this form was
described via the action of SU(2) on H2(M).
Let ω be a Ka¨hler class on M such that∫
M
ωdimC M = 1,
and (I, J,K, (·, ·)) be the corresponding hyperka¨hler structure. Let
(·, ·)Her : H
2(M,C)×H2(M,C) −→ C
be a positively Hermitian form on second cohomology of M which corresponds
to the Riemannian structure (·, ·). Let H2(M) = Hinv(M) ⊕ H+(M) be a
decomposition such that Hinv(M) consists of all SU(2)-invariant 2-forms, and
H+(M) is the complementary SU(2)-invariant subspace. Let (·, ·)H be the form
which is equal to (·, ·)Her on H+(M) and −(·, ·)Her on Hinv(M)
1This isomorphism can be made canonical. The Lie algebra g(A) is isomorphic to so(V ⊕H)
where V is the linear space H2(M,R) equipped with the natural pairing of a signature (3, n−3)
([Beau] Remarques, p. 775; see also Theorem 2.1), and H is 2-dimensional vector space with
hyperbolic quadratic form.
2More accurately, this form should be called Bogomolov-Beauville form. The author was
unaware of Beauville’s remark, and did not understand the part of Bogomolov’s paper ([Bog])
where this form is also introduced.
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Theorem 2.1: ([V], Theorem 6.1, cf. [Beau] Remarques, p. 775) The form
(·, ·)H is independent from the choice of the complex and Ka¨hler structure on
M .
The form (·, ·)H is used in the proof of Theorem 1.2.
Let ρI : u(1) −→ End(H∗(M)) be a map for which z ∈ u(1) acts on
Hp,q(M) by (p − q)z. Clearly, the action of u(1) on H2(M) respects the form
(·, ·)H. Let gM ⊂ End(H∗(M)) be a Lie algebra generated by the images of
ρI for all complex structures I on M . Let V denote the linear space H
2(M)
equipped with bilinear form (·, ·)H. By Theorem 2.1, the action of gM on V
preserves (·, ·)H. This defines a Lie algebra homomorphism Γ : gM −→ so(V ).
The following theorem is a chief tool in proving the Mirror Conjecture for a
compact holomorphically symplectic manifold.
Theorem 2.2: The map Γ : gM −→ so(V ) is an isomorphism.
Proof: [V], Theorem 13.1, 13.2.
The Lie algebra g(A) ⊂ End(H∗(M)) is equipped with a natural grading,
induced by the grading on H∗(M) = ⊕Hi(M). Let k be the one-dimensional
Lie subalgebra of End(H∗(M)) spanned by Id.
Theorem 2.3: ([V], Theorem 13.2) The Lie subalgebra
gM ⊕ k ⊂ End(H
∗(M))
coinsides with the grading-zero part of g(A).
We have a period map Pc : Comp −→ PH2(M,C) associating a line
H
2,0
I (M) ⊂ H
2(M,C) to a complex structure I. Complexifying H2(M,R), we
can consider (·, ·)H as a complex-linear, complex-valued form on H2(M,R). For
all I ∈ Comp, Pc(I) belongs to a conic hypersurface C ⊂ PH2(M,C),
C = {l | (l, l)H = 0}.
Torelli principle (proved by Bogomolov in the case of holomorphically symplectic
manifolds, [Bog]) implies that Pc : Comp −→ C is etale.
Let H = ⊕Hp,q(M) be a variation of Hodge structures (VHS) on Comp
associated with the total cohomology space of M . Theorem 2.2 implies that
there exist a VHS H on C, such that H is a pullback of a variation of Hodge
structures H: H = P ∗c (H). Let GM be the Lie group associated with gM ,
4
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GM = Spin
(
H2(M,R), (·, ·)H
)
. The set C is equipped with a natural action
of a group GM . This group also acts in the total cohomology space H
∗(M) of
M . This defines an equivariant structure in the bundle H. The chief idea used
in the proof of Mirror Symmetry is the following theorem:
Theorem 2.4: The VHS H is GM -equivariant, under the natural action of
GM on C and H.
Proof: See [VMir], Theorem 2.2.
To make this statement more explicit, we recall that the variation of Hodge
structures is a flat bundle, equipped with a real structure and a holomorphic
filtration (Hodge filtration), which is complementary to its complex adjoint
filtration. Then, Theorem 2.4 says that the action ofGM onH maps flat sections
to flat sections, and preserves the real structure and the Hodge filtration.
3 The twistor lines.
The main technical tool used in the text of [V] is results about (coarse, marked)
moduli space Comp of complex structures on a holomorphically symplectic
manifold M . Let ω be a Ka¨hler class on M and H = (I, J,K, (·, ·)) be the
corresponding hyperka¨hler structure. Then, for every triple of real numbers
(a, b, c), a2 + b2 + c2 = 1, the operator aI + bJ + cK defines an integrable com-
plex structure3 on M . Identifying the set of such triples with CP 1, we obtain a
map CP 1
iH
→֒ Comp where Comp is a connected component of the coarse moduli
space of M . The following claim is easy.
Claim 3.1: The map iH is a holomorphic embedding of complex analytic
varieties.
Let P : Comp −→ C be the period map, assigning to a complex structure I
a line H2,0(M, I). Let C ⊂ P1(H2(M,C) = P (Comp). According to [Beau], P
is etale. The projective line iH(CP
1) ⊂ Comp is called a twistor line, and is
denoted by RH. The following theorem was, regrettably, omitted in [V], though
all necessary tools were developed for its proof. For conceptual understanding
of our argument, this theorem is indispensable.
Theorem 3.1: Let I1, I2 ∈ Comp. Then there exist a sequence of intersect-
ing twistor lines which connect I1 with I2.
Proof: To prove Theorem 3.1′, we have to show that a set L˜0 of all twistor
lines iH0(CP
1) which are connected to iH(CP
1) with intersecting twistor lines
3This complex structure is called a complex structure induced by a hyperka¨hler
structure.
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is open. Since P : Comp −→ C is etale, it suffices to show that I1, I2 can be
connected with twistor lines li such that P (li) intersect P (li+1).
With every twistor line RH, we associate a 3-dimensional plane ℓH ⊂ H
2(M,R)
which is spanned by the Ka¨hler classes ωI , ωJ , ωK . A linear algebraic ar-
gument shows that the twistor lines RH1 and RH2 intersect if and only if
dim(ℓH1 ∩ ℓH1) > 2. Hence we need to show that
Theorem 3.1′ Each pair of twistor lines RH, RH′ can be connected with
a sequence of twistor lines RH = RH1 , ..., RHn = RH′ such that dim(ℓHi ∩
ℓHi+1) > 2.
Lemma 3.1: Let H be a hyperka¨hler structure onM , iH(CP
1) ⊂ Comp be
the set of all induced complex structures, and Kah(H) be the set of all Ka¨hler
classes corresponding to L ∈ iH(CP
1). Then Kah(H) is open in H2(M,R).
Proof: [V], Claim 6.6
Let L be the space of all triples ωI , ωJ , ωK in H2(M) which are orthonormal
with respect to the pairing (·, ·)H of Theorem 2.1, and Hyp be the connected
component of the set of all hyperka¨hler structures. Let Ph : Hyp −→ L be the
natural period map. Comparing dimensions and using Calabi-Yau, we observe
that Ph is etale. Let L0 be the space of twistor lines corresponding to L˜0. Using
Lemma 3.1, we find that the differential of Ph|
L0
is surjective. Therefore, L0 is
open in L, and L˜0 is open in the set of all twistor lines. This proves Theorem
3.1.
4 An outline of proofs.
Let (I, J,K, (·, ·)) be a hyperka¨hler structure on M . One can check that the
cohomology classes ωI , ωJ , ωK ∈ H2(M,R) are orthogonal with respect to the
pairing (·, ·). Let Hyp be the classifying space of the hyperka¨hler structures on
M . Let Phyp : Hyp −→ H2(M)×H2(M)×H2(M) be the map which associates
with the hyperka¨hler structure H = (I, J,K, (·, ·)) the triple (ωI , ωJ , ωK). Then
the image of Phyp in H
2(M)×H2(M)×H2(M) satisfies
∀(x, y, z) ∈ imPhyp
∣∣∣∣
(x, y)H = (x, z)H = (y, z)H = 0,
(x, x)H = (y, y)H = (z, z)H,
(4.1)
where (·, ·)H is the canonical pairing defined above. Let D ⊂ H2(M)×H2(M)×
H2(M) be the set defined by the equations (4.1). Using Torelli theorem and
Calabi-Yau, we prove the following statement:
Theorem 4.1: The image of Phyp is Zariski dense in D.
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Theorem 4.1 shows that all algebraic relations which are true for
(x, y, z) ∈ Phyp(Hyp)
are true for all (x, y, z) ∈ D. Computing the Lie algebra a as in Theorem
1.1, we obtain a number of relations between x, y, z ∈ H2(M) which hold for all
(x, y, z) ∈ Im(Phyp). Using the density argument, we obtain that these relations
are universally true. This idea leads to the proof of Theorem 1.2.
The proof of Theorem 2.1 is deduced from the standard period argument
and Theorem 3.1. Let H be a hyperka¨hler structure corresponding to I and ω.
Clearly from the definition, the form (·, ·)H depends only from the twistor line
H, and not from the choice of particular I and ω. A computation shows that
(·, ·)H depends from P (I) and not from ω. Using the fact that C is all connected
with twistor lines (Theorem 3.14), we prove that (·, ·)His independent from H.
5 Implications.
This section contains implications of our results.
5.1 Mirror symmetry. ([VMir]) Using Theorem 2.2 and Theorem 2.2,
we compute the variation of Hodge structures corresponding to the universal
VHS over the moduli space Comp. In [VSym], it is proven that for “sufficiently
generic” deformation W of a given compact holomorphically symplectic mani-
fold M , the manifold W admits no closed holomorphic curves. Therefore, using
the definition of quantum cohomology from [KM], we can easily compute the
quantum variation of Frobenius algebras. Comparing these computations, we
find that Mirror Conjecture is true for holomorphically symplectic manifolds,
which are Mirror self-dual.
In proof of Mirror Symmetry, we use the fact that tangent bundle TM of
a holomorphically symplectic manifold is isomorphic to the cotangent bundle
Ω1(M) thereof. For every Calabi-Yau manifold M , dimM = n, the Serre’s
duality induces an isomorphism5
Hp(Ωq(M)) ∼= Hp(Λn−q(TM)) (5.2)
beweeen cohomology of the holomorphic differential forms and cohomology
of exterrior powers of holomorphic tangent bundle. Using the isomorphism
TM ∼= Ω1(M), we interpret the isomorphism (5.2) as a map η from the to-
tal cohomology space H∗(M) to itself. A linear-algebraic check ensures that
this map is involutive. A slightly less elementary consideration shows that
4In [V], we proved a slightly weaker statement, which still suffices to prove Theorem 2.1.
5Canonical up to a choice of a non-degenerate section of Ωn(M).
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η : H∗(M) −→ H∗(M) belongs to the Lie groupG ⊂ End(H∗(M)) correspond-
ing to the Lie algebra g(A) from Theorem 1.2. Clearly, Yukawa multiplication
is equal to the cup-product in cohomology twisted by η. This gives a way to
describe Yukawa product explicitely in terms of Lie algebra action.
5.2 Twistor paths.
Definition 5.1: Let M be a holomorphically symplectic manifold, Comp
be its moduli space, P0, ... Pn ⊂ Comp be a sequence of twistor lines, supplied
with an intersection point xi+1 ∈ Pi ∩ Pi+1 for each i. We say that γ =
P0, ..., Pn, x1, ..., xn is a twistor path. Let I, I
′ ∈ Comp. We say that γ is a
twistor path connecting I to I ′ if I ∈ P0 and I
′ ∈ Pn. The lines Pi are
called the edges, and the points xi the vertices of a twistor path.
Theorem 3.1 proves that every two points I, I ′ in Comp are connected
with a twistor path. Clearly, each twistor path induces a diffeomorphism µγ :
(M, I) −→ (M, I ′). We are interested in algebro-geometrical properties of this
diffeomorphism.
For every hyperka¨hler structure H on M , let gH ⊂ End(H∗(M)) be the
corresponding su(2) embedded to End(H∗(M)). Let H∗(M)gH be the gH-
invariant part of H∗(M). Let I ∈ Comp and H be a hyperka¨hler structure
which induces I. We say that I is of general type with respect to H if
H∗(M)gH ∩H∗(M,Z) = ⊕Hp,p ∩H∗(M,Z).
In [VSym], we prove that for every hyperka¨hler structure, all induced complex
structures are of general type, except may be a countable number thereof. Re-
sults of [VBun] and [VSym] can be compressed down to the following statement.
Theorem 5.1: Let H be a hyperka¨hler structure onM and I be an induced
complex structure of general type.
(i) ([VSym]) Let N be a closed complex analytic subset of (M, I). Then N
is complex analytic with respect to J , for all induced complex structures6J .
(ii) ([VBun]) Let BunI be the tensor category of polystable
7 holomorphic
vector bundles of slope 0 over (M, I). For arbitrary induced complex structure
J , there exist a natural injective tensor functor ΦI→J : BunI −→ BunJ , which
is an equivalence of J is of general type with respect to H. For I, J, J ′ being
induced complex structures and I, J of general type, we have
ΦI→J ◦ ΦJ→J′ = ΦI→J′ .
6In [VSym], such subsets are called trianalytic.
7Polystable means direct sum of stable. Stability is understood in the sense of Takemoto
– Mumford.
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Remark on proof of Theorem 5.1 (ii): Theorem 5.1 (ii) is an implica-
tion of the following result from [VBun]. Let B be a polystable bundle on a
holomorphically symplectic Kaehler manifoldM . We associate with the Kaehler
structure onM a canonical hyperkaehler structure H as in Calabi-Yau theorem.
Assume that the first and second Chern classes of stable summands of B are
invariant under the natural action of SU(2) in cohomology. Then there exist a
unique holomorphic connection on B which is holomorphic under each of com-
plex structures induced by H. This lets one identify the categories of polystable
bundles for different complex structures L induced by H, provided that L is of
general type with respect to H.
Definition 5.2: Let I, J ∈ Comp and γ = P0, ...Pn be a twistor path from
I to J , which corresponds to the hyperka¨hler structures H0, ..., Hn. We say
that γ is admissible if I is of general type with respect to P0, J to Pn, and all
vertices of γ are of general type with respect to the corresponding edges.
Corollary 5.1: Let I, J ∈ Comp, and γ be admissible twistor path from I
to J .
(i) Let µγ : (M, I) −→ (M,J) be the corresponding diffeomorphism. Then,
for every complex analytic subset N ⊂ (M, I), µγ(N) is complex analytic with
respect to J , for all induced complex structures.
(ii) There exist a natural isomorphism of tensor cetegories
Φγ : BunI −→ BunJ .
Proof: Follows from Theorem 5.1.
To sum it up, whenever we can connect two complex structures by an ad-
missible twistor path, these complex structures are quite similar from algebro-
geometrical point of view. There is a cohomological criterion of existence of
admissible twistor path, which is proven in the similar fashion to Theorem 3.1.
For I ∈ Comp, denore by NS(I,Q) the space H1,1(M, I) ∩ H2(M,Q) ⊂
H2(M). Let Q ⊂ H2(M,Q) be a subspace of H2(M,Q). Let
CompQ := {I ∈ Comp | NS(I,Q) = Q}.
Theorem 5.2: Let H, H′ be hyperka¨hler structures, and I, I ′ be complex
structures of general type to and induced by H, H′. Assume that NS(I,Q) =
NS(I ′,Q) = Q, and I, I ′ lie in the same connected component of CompQ. Then
I, I ′ can be connected by an admissible path.
Proof: Follows the proof of Theorem 3.1.
9
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For general Q, we have no control over the number of connected components
of CompQ (unless global Torelli theorem is proven), and therefore we cannot
directly apply Theorem 5.2 to obtain results from algebraic geometry.8 However,
when Q = ∅, CompQ is clearly connected and open in Comp, assuming that
Comp is connected, which we assumed. On the other hand, for I ∈ Comp∅, and
every H inducing I, I is of general type with respect to H (this is essentially an
implication of Theorem 2.2). This proves the following corollary.
Corollary 5.2: Let I, I ′ ∈ Comp∅. Then I can be connected to I
′ by an
admissible twistor path.
Remark: We obtain that for all I ∈ Comp∅, the closed complex ana-
lytic subsets of (M, I) have the same real analytic structure, and categories
of polystable holomorphic vector bundles are isomorphic. There are non-trivial
polystable holomorphic vector bundles over such manifolds (tangent bundle and
its tensor powers come to mind). It is not completely clear if manifolds (M, I)
with I ∈ Comp∅ have any closed complex analytic subvarieties, except points.
5.3 Generalization of (·, ·)H. Unlike the (otherwise clearly superior) ap-
proach used by Beauville and Bogomolov, our way of constructing the form
(·, ·)H lends itself to an immediate generalization. Let g0(A) be the grading-zero
part of g(A) computed in Theorem 2.3, and H∗(M)g0(A) be the space of all vec-
tors invariant under g0(A). LetH
∗
r
(M) be a subalgebra of cohomology generated
by H2(M) andH∗(M)g0(A).9 LetH be a hyperka¨hler structure onM . Consider
the corresponding action of SU(2) on H∗(M). Let Hi(M) = ⊕wHiw(M) be an
isotypic decomposition of Hi(M) corresponding to this action. By definition,
Hiw(M) is a direct sum of isomorphic SU(2)-representation of weight w, where
w, 0 6 w 6 i runs through the natural numbers of the same parity as i. Let
(·, ·)Her be the Hermitian metrics on cohomology induced by the Riemannian
structure on M , and (·, ·)H be the pairing which is equal to (−1)
i−w
2 (·, ·)Her on
Hiw(M).
Theorem 5.3: Consider restriction of (·, ·)H to H∗r (M). This restriction
(·, ·)H is non-degenerate and independent on H (up to a constant multiplier).
Proof: For i = 2, this statement coinsides with the statement of Theorem
8Exception is K3 surface, where Torelli holds. For K3, CompQ is connected for all Q ⊂
H2(M,Q).
9There are only two known series of compact hyperka¨hler manifolds: Hilbert schemes of
Artinian sheaves on K3 surfaces, and Hilbert schemes of Artinian sheaves on compact 2-
dimensional tori, factorized by free action of a compact torus. In both cases, the cohomology
algebra is computed by Nakajima ([N]). It seems reasonable to conjecture that, in either of
these cases, H∗(M) = H∗
r
(M).
10
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2.1. For general i, the proof is essentially linear-algebraic and identical to the
proof of [V], Theorem 6.1.
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